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Abstract. In this paper, we investigate Jordan *-homomorphisms on C*-algebras associated 
with the following functional inequality ||/(^) + /(^) + f{ 3a+ l c ' b )\\ < \\f(a)\\. We 
moreover prove the superstability and the generalized Hyers-Ulam stability of Jordan *- 
homomorphisms on C*-algebras associated with the following functional equation 

/(^) + fC~^) + f( 3a + l C ~ b ) = /(a). 



1. Introduction 

The stability of functional equations was first introduced by Ulam 21 in 1940. More 
precisely, he proposed the following problem: Given a group Gi, a metric group (G2,d) and 
a positive number e, does there exist a 5 > such that if a function / : G\ — ► G2 satisfies 
the inequality d(f(xy),f(x)f(y)) < 5 for all x,y £ Gl, then there exists a homomorphism 
T : Gi — > G2 such that d(f(x),T(x)) < e for all x 6 Gi? As mentioned above, when 
this problem has a solution, we say that the homomorphisms from Gi to G2 are stable. 
In 1941, Hyers [5] gave a partial solution of Ulam's problem for the case of approximate 
additive mappings under the assumption that Gi and G2 are Banach spaces. In 1978, Th. 
M. Rassias [17] generalized the theorem of Hyers by considering the stability problem with 
unbounded Cauchy differences. This phenomenon of stability that was introduced by Th. 
M. Rassias [17] is called generalized Hyers- Ulam stability or Hyers- Ulam-Rassias stability. 
Theorem 1.1. Let f : E — > E' be a mapping from a norm vector space E into a Banach 
space E subject to the inequality 

\\f(x + y)-f(x)-f(y)\\<e(\\x\\ p +\\ y \n (1.1) 
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for all x,y £ E, where e and p are constants with e > and p < 1. Then there exists a unique 
additive mapping T : E — ► E' such that 

\\f(x)-T{x)\\<^p\\x\\* (1.2) 

for all x 6 E. If p < then inequality (1.1) holds for all x, y ^ 0, and (1.2) for x ^ 0. A/so, i/ 
f/ie function t i— > /(te) /rom ffi into £J' is continuous for each fixed x £ E, then T is WL-linear. 

During the last decades several stability problems of functional equations have been in- 
vestigated by many mathematicians. A large list of references concerning the stability of 
functional equations can be found in [T]-|20]. 

Definition 1.2. Let A,B be two C* -algebras. A C-lmear mapping f : A — > B is called a 
Jordan *-homomorphism if 

f /(a 2 ) = /(a) 2 , 
\ /(a*)=/(a)* 

for all a 6 A. 

C. Park [T3] introduced and investigated Jordan *-derivations on C*- algebras associated 
with the following functional inequality 

||/(a)+/(6)+fc/(c)|| < ||fc/(i±^+ c )|| 

for some integer k greater than 1 and proved the generalized Hyers-Ulam stability of Jordan 
♦-derivations on C*-algebras associated with the following functional equation 

n^ + c) = -M±m + f { c) 

for some integer k greater than 1 (see also [161 1121 \13\ ). 

In this paper, we investigate Jordan *-homomorphisms on C*-algebras associated with 
the following functional inequality 

ll/(^) + /(^)+ 7(^1^)11 <||/(a)||. 

We moreover prove the generalized Hyers-Ulam stability of Jordan *-homomorphisms on 
C* -algebras associated with the following functional equation 

6-a a - 3c 3a + 3e - b 
/(— ^— ) + /( 3 ) + /( s ) = /(«)■ 

2. Jordan *-homomorphisms 

In this section, we investigate Jordan *-homomorphisms on C*- algebras 
this section, assume that A, B are two C*-algebras. 

Lemma 2.1. Let f : A — > B be a mapping such that 

ll/(^) + /(^) + f( 3a+ l C ~ b )\\B < \\f(a)\\ B 
for all a,b,c £ A. Then f is additive. 
Proof. Letting a = 6 = c = in (2.1), we get 

l|3/(0)|| s < ||/(0)|| s . 
So /(0) = 0. Letting a = 6 = in (2.1), we get 

H/(-c) + /(c)|| fl < ||/(0)|| S =0 



Throughout 
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for all c € A. Hence /(— c) = —/(c) for all c £ A. Letting a — and b = 6c in (2.1), we get 

||/(2c)-2/(c)|| B < ||/(0)||b=0 

for all c £ A. Hence 

/(2c) = 2/(c) 

for all c £ A. Letting a = and 6 = 9c in (2.1), we get 

|]/(3c)- /(c) -2/(c)|[ B < ||/(0) || B =0 

for all c £ A. Hence 

/(3c) = 3/(c) 
for all c £ A. Letting a = in (2.1), we get 

ll/(|) + /(-c) + /(c-|)|| B < ||/(0) || fl =0 

for all a,b,c £ A. So 

/(|) + /(-c) + /(c-|) = (2.2) 
for all a,b,c£ A. Let ti = c - § and t 2 = f in (2.2). Then 

/(* 2 ) -/(ti+ fa) +/(ti) = 
for all t\,t2 £ A. This means that / is additive. □ 

Now we prove the superstability problem for Jordan *-homomorphisms as follows. 

Theorem 2.2. Let p < 1 and 9 be nonnegative real numbers, and let f : A — > B be a 

mapping such that 

\\f( b ^) + f( a -f^)+,f(^f^)\\ B < \\m\\ B , (2.2) 

\\f(a 2 )-f(af\\ B <e\\af p , (2.3) 

||/(a*)-/(a)*||B<fl||oT (2.4) 
for all n £ T 1 := {A G C ; |A| = 1} and all a,b,c £ A. Then the mapping / : A — > B is a 
Jordan *-homomorphism. 

Proof. Let y, = 1 in (2.2). By Lemma 2.1, the mapping / : A — *• B is additive. Letting 
a = b = in (2.2), we get 

\\f(-f,c) + nf(c)\\ B < ||/(0)|| fl =0 

for all c £ A and all fj, £ T 1 . So 

-/(/ic) + /x/(c) = /(-a*c) + m/(c) = 

for all c £ A and all /i £ T . Hence /(/ic) = fif(c) for all c £ yl and all £ T . By Theorem 
2.1 of [14], the mapping / : A — > S is C- linear. It follows from (2.3) that 



||/(a") - /(a)^|| B = ||-=r/(nV) - (-/(na))1| 



n 2 ' " n " 

= ^||/(n 2 a 2 )-/(na) 2 || s 

< 4n 2p ||a|| 2p 
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for all a G A. Thus, since p < 1, by letting n tend to oo in last inequality, we obtain 
f(a 2 ) = f(a) 2 for all a G A. On the other hand, it follows from (2.4) that 

\\f(a*)-f(ay\\ B = \\±f(na*)-(±f(na)y\\ B 
= \\\f{na*)-f(nay\\ B 
< ^n p \\a\\ p 

for all a G A. Thus, since p < 1, by letting n tend to oo in last inequality, we obtain 
/(a*) = /(a)* for all a G A. Hence the mapping / : A — » B is a Jordan *-homomorphism. □ 

Theorem 2.3. Let p > 1 and 6 be a nonnegative real number, and let f : A — > B 6e 
a mapping satisfying (2.2), (2.3) and (2.4). TTien f/ie mapping f : A B is a Jordan 
*-homomorphism. 

Proof. The proof is similar to the proof of Theorem 2.2. □ 
We prove the generalized Hyers-Ulam stability of Jordan *-homomorphisms on C*-algebras. 

Theorem 2.4. Suppose that f : A — > B is an odd mapping for which there exists a function 
ifi : A x A x A ^ R + such that 

oo 

£ 3 V(J>I>! )<00 ' (2-5) 

z=0 

lim 3 2 >( — ,— ,— ) =0, (2.6) 

\\f(a)- f(a)*\\ B <<p(a,a,a), (2.7) 

ll/(^p) + /(^) + M/(^ + c) - /(a) + f(c 2 ) - f(c) 2 \\ B < <p(a, b, c) (2.8) 

for all a,b,c G A and all n G T 1 . Then there exists a unique Jordan *-homomorphism 
h : A — > B such that 

|Ka)-/(a)|| s <^3V(J,f ,0) (2.9) 

/or aZZ a G A. 

Proof. Letting /j = 1, b — 2a and c = in (2.8), we get 

I|3/(|)-/(o)||b <¥>(a,2a,0) 
for all a € A. Using the induction method, we have 



1— _ 9 

l|3"/(£)-/(a)||<X;3V(£,f .0) (2.10) 

i = 

for all a G A. In order to show the functions /i„(a) = 3 n /(^-) form a convergent sequence, 
we use the Cauchy convergence criterion. Indeed, replace a by ^ and multiply by 3 m in 
(2.10), where m is an arbitrary positive integer. We find that 

m +n— 1 

l|3 m+r 7(^)- 3"7(^)|| < E 3V(J,f,0) (2.11) 
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for all positive integers. Hence by the Cauchy criterion the limit h(a) = linin^oo h n (a) exists 
for each a £ A. By taking the limit as n — > oo in (2.10) we see that 

l|ft(a)-/(«)ll<E 3 V(J'^'°) 

8=0 

and (2.9) holds for all a £ A. Let /i = 1 and c = in (2.8), we get 

+ /(f) + /(^3^) - /Mil* < 6, 0) (2.12) 

for all a,b,c £ A. Multiplying both sides (2.12) by 3™ and Replacing a, b by pr, respec- 
tively, we get 

l|3"/(|^?) + 3-/(3^) + 3"/(^) - 3»/(£)I|b < 3>(£, ±,0) (2.13) 
for all o, 6, c £ A. Taking the limit as n — -> 00, we obtain 

fc(^)+h(|) + h(^)-h(a)=0 (2.14) 

for all a,b,c £ A. Putting o = 2a in (2.14), we get 3/t(|) = /i(a) for all a £ A. Replacing a 
by 2a in (2.14), we get 

h(b - 2a) + h{6a - b) = 2h{2a) (2.15) 

for all a,b £ A. Letting b = 2a in (2.15), we get h(4a) = 2h(2a) for all a £ A. So 7i(2a) = 2ft(a) 
for all a £ A. Letting 3a — b — s and b — a = t in (2.14), we get 

*(f)+A(^) + A(f) = A(^) 

for all s,t £ A. Hence h(s) + h(t) = h(s + t) for all s,t £ A. So, h is additive. Letting 
a = c = in (2.12) and using the above method, we have h(^ib) = nh(b) for all 6 £ A and 
all n £ T. Hence by the Theorem 2.1 of [14], the mapping / : A — » £> is C-linear. 
Now, let ft : yl — > B be another C-linear mapping satisfying (2.9). Then we have 

\\ h {a)-h{a)\\ B =r\\h{^)-h{^)\\ B 

<3 n [||fc(£)-/(£)iiB 

<2E3V(f,|,0)=0 

i — n 

for all a £ A. Letting \i = 1 and a = 6 = in (2.8), we get ||/(c 2 ) - /(c) 2 || s < ip(0,Q,c) for 
all c£ A. So 

\\h(c 2 )-h(c) 2 \\ B = lim 3^||/(^)-/(£) 3 || B < lim 3*V(0,0, = 

for all c e= A. Hence /i(c 2 ) = h(c) 2 for all c s A. On the other hand we have 

\\h(c) - fcCcJlB = Jim 3"||/(^) - < Hm 3>(^, £, £) = 

for all c £ A. Hence h(c") = /i(c)* for all c £ A. Hence h : A — > B is a unique Jordan 
*-homomorphism. □ 
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Corollary 2.5. Suppose that f : A — ► B is a mapping with /(0) = for which there exists 
constant 9 > and pi,p2,Ps > 1 such that 

n/(^^)+./(^^ £ )+M/(^ i ir -^+^)-/(«)+/(^ 2 )-/( C ) 2 iis < ^cii^ir 1 +ii^ir 2 +ii C ir 3 ), 

\\f(a*)-f(ay\\ B <9(\\a\r + \\a\r + \\a\n 
for all a,b,c 6 A and all fi € T. Then there exists a unique Jordan *-homomorphism h : 
A — ► B such that 

II f(n\ h(a\\\ < °M1 , 0V»\\a\r 

Wjw - h \ a )\\B < z — „,,_„, + 



1_3(i-pi) i-3(i-P2) 
for all a £ A. 

Proof. Letting <p(a, b, c) := 6»(||a|| pi + ||b|| P2 + ||c|| P3 ) in Theorem 2.4, we obtain the result. □ 
The following corollary is the Isac-Rassias stability. 

Corollary 2.6. Let ip : R + U {0} -> R+ U {0} be a function with ip(Q) = such f/iat 

lim M = 0, 

t-»o £ 

V>(st) < i>(s)ip(t) s,t e K + , 

3V(^) < 1. 

Suppose that f : A —> B is a mapping with /(0) = satisfying (2.7) and (2.8) swc/i i/zaf 

/or all a,b,c 6 A where 9 > is a constant. Then there exists a unique Jordan *- 
homomorphism h : A — > B swcft tfiai 

,,.,„! < g(l + ^(2))V»(||o||) 

ft(o) - /(a) s < — -7YT 

l-3^(i) 

/or «ZZ a € A. 

Proof. Letting p(a,b,c) := 9[tp(\\a\\) + ip(\\b\\) + ip(\\c\\)] in Theorem 2.4, we obtain the 
result. □ 

Theorem 2.7. Suppose that f : A — > B is a mapping with /(0) = for which there exists 
a function <p: AxAxA^B satisfying (2.7), (2.8) and (2.8) such that 

oc 

3~ V(3*a, 3*6, 3*c) < oc, (2.16) 



»=i 

n — * oo 



lim 3' 2n <p(3 1 a, 3 1 ?), 3 l c) = (2.17) 

n — >oo 

for all a,b,c e A. Then ihere errisis a unique Jordan * -homomorphism h : A — > S such t/iaf 



||h(o) - /(o)||b <^]3-V(3 l a,3 l 2a,0) (2.18) 

i=l 

/or aZZ a£i. 
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Proof. Letting fi = 1, b — 2a and c = in (2.8), we get 

||3/(|)-/(o)|| B <¥'(a ) 2a 1 0) (2.19) 
for all a £ A. Replacing a by 3a in (2.19), we get 

||3- 1 /(3a)-/(a)|| s < 3" V(3o, 2(3a), 0) 
for all a £ A. On can apply the induction method to prove that 

n 

||3-"/(3"o)-/(a)||fl <^3-V(3V2(3 l a),0) (2.20) 
i=i 

for all a £ A. In order to show the functions h n (a) — 3~™/(3 n a) form a convergent sequence, 
we use the Cauchy convergence criterion. Indeed, replace a by 3 m a and multiply by 3~ m in 
(2.20), where m is an arbitrary positive integer. We find that 

m+n 

||3- (m+n) /(3 m+n a)-3- m /(3 m a)|| < ]T 3~V(3 l a, 2(3 l a), 0) (2.21) 

i— m + 1 

for all positive integers. Hence by the Cauchy criterion the limit h(a) = lim n ^oo h n (a) exists 
for each a £ A. By taking the limit as n — ► oo in (2.20) we see that 

oo 

||h(o)-/(o)|| <^3-V(3 l a,2(3 l a),0) 

i=l 

and (2.18) holds for all a £ A. 

The rest of the proof is similar to the proof of Theorem 2.4. □ 

Corollary 2.8. Suppose that f : A — ► B is a mapping with /(0) = for which there exists 
constant 9 > and p\,p2,P:} < 1 such that 

\\n ! ^) + n^^)+^(^^+c)-f(a) + f(c 2 )-f(cn B <9(\\a\r + \M 

\\f(a*)-f(ay\\ B <e(\\a\r + \\a\r + \\a\n 
for all a,b,c £ A and all fi £ T. Then there exists a unique Jordan *-horaomorphism h : 
A — ► B such that 

\\f(„\ h(n)\\ < g||fl||P1 I 92P2 W a W P2 

||/(o) - fc(o)|| B < 3(1 _ P1) _ 1 + 3(1 _ M) _ I 

for all a £ A. 

Proof. Letting (p{a, b, c) := 6>(||a|| pi + ||b|| P2 + ||c|| P3 ) in Theorem 2.7, we obtain the result. □ 

The following corollary is the Isac-Rassias stability. 
Corollary 2.9. Let ip : R+ U {0} -> R+ U {0} be a function with ip(Q) = such that 

iim m =0 , 

t— o t 

tp(st) < i>(s)ip(t) s,t £ K + , 
3"V(3) < 1. 

Suppose that f : A — > B is a mapping with /(0) = satisfying (2.7) and (2.8) sttcft t/iai 
||/( M^ )+/( ^_3£ )+M/( 3a_6 +c) _ /(a)+/(c2) _ /(c)2|[s < W ||o||)+^||6||)+V(||c||)] 
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for all a,b,c £ A where 9 > is a constant. Then there exists a unique Jordan *- 
homomorphism h : A — > B such that 



\\h(a) - f(a)\\ B < 1 _3_ 1 ^ (3) 



for all a e A. 



Proof. Letting p(a,b,c) := 9[ip(\\a\\) + ip(\\b\\) + V'(llcll)] in Theorem 2.7, we obtain the 
result. □ 

One can get easily the stability of Hyers-Ulam by the following corollary. 

Corollary 2.10. Suppose that f : A — > B is a mapping with /(0) = for which there exists 
constant 6 > such that 

+ /(^) + + c) - f(a) + /(c 2 ) - /( C ) 2 || B < 6, 

\\f(a*)-f(ay\\ B <e 

for all a,b,c 6 A and all (i £ T. T/ien i/iere exists a unique Jordan * -homomorphism h : 
A — > B swcft i/taf 

||/(a)-fc(a)|| B <0 

/or aZZ a£i. 

Proof. Letting pi = p2 = P3 = in Corollary 2.8, we obtain the result. □ 
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